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Abstract

The authors give error estimates, a Voronovskaya-type relation, strong converse results and

saturation for the weighted approximation of functions on the real line with Freud weights by

Bernstein-type operators.
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1. Introduction

In Chlodovsky [1] introduced some Bernstein-type polynomial operators to
approximate unbounded functions on the real line, but he gave only pointwise
convergence results without error estimates. For practical purposes discrete linear
operators are more useful than continuous operators (like convolution integrals,
etc.). However, the divergence behaviour of weighted Lagrange interpolation with
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Freud weights for continuous functions on the real line is well-known (see [8]). Also
Hermite–Fejér interpolation does not solve the weighted approximation problem on
the real line, because the weight in the corresponding error estimate is different from
the weight in the definition of the function class (see [8,9]).

Recently the authors in [2] introduced some Bernstein-type operators for the
weighted approximation of functions on ½�1; 1� with endpoint or inner singularities
and they showed direct and converse results. In this respect, we mention the recent
paper [5] where weighted approximation by Bernstein polynomials on ½�1; 1� is
considered. However, in [5] only continuous functions are examined (without
singularities), and thus the use of weights is not properly justified.

In this paper, we construct a Bernstein-type operator for the weighted
approximation of functions on ð�N;þNÞ with respect to Freud weights and give
error estimates, a Voronovskaya-type relation, strong converse results and solve the
saturation problem (see Theorems 1–5).

2. Main results

In the following c denotes a positive constant which may assume different values
in different formulas. Moreover, let nBm; for n and m two quantities depending on

some parameters, if jn=mj71pc; with c independent of the parameters.
Let

wðxÞ ¼ e�QðxÞ; xAð�N;þNÞ

be a Freud weight, with QðxÞ satisfying the following conditions:

(a) QAC2ð0;þNÞ is a positive even function,
(b) limx-N x

Q00ðxÞ
Q0ðxÞ ¼ g40;

(c) if g ¼ 1 or 3, then Q00 is nondecreasing

(see [4, Definition 11.3.1, p. 184]). Evidently, condition (b) implies that for sufficiently
large x both Q0ðxÞ and Q00ðxÞ are positive, and Q0ðxÞ tends to infinity as x does.

Now consider the class of functions

Cw ¼ ffACðRÞÞ : lim
jxj-N

ðwf ÞðxÞ ¼ 0g

equipped with the norm jjwf jjCw
:¼ jjwf jj ¼ supx jðwf ðxÞj: We also put jjwf jj½c;d� ¼

maxcpxpd jðwf ÞðxÞj: For fACw the weighted modulus of smoothness is

o2ð f ; tÞw ¼ sup
0ohpt

jjwD2
h f jj½�h�;h�� þ inf

cAP1

jjwð f � cÞjj½t�;NÞ

þ inf
cAP1

jjwð f � cÞjjð�N;�t��; ð1Þ

where t� is defined by tQ0ðt�Þ ¼ 1 (see [4, Definition 11.2.2, p. 182]) and Pn; nAN; is
the set of algebraic polynomials of degree at most n:
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Next, we define a sequence of positive real numbers flng by

lnQ0ðlnÞ ¼
ffiffiffi
n

p
; n4n0 ð2Þ

with n0 sufficiently large. For npn0; let ln ¼ ln0
; with this extension of the definition,

the entire sequence flngN1 will be monotone increasing.

Note that these numbers are in close relation with the so-called Mhaskar–
Rahmanov–Saff numbers an with respect to the weight w which play a crucial
role in the infinite–finite range inequalities for polynomials. In fact, it is easy to see
that

lnBa ffiffi
n

p

(cf. e.g. [6, (5.3) and (5.5)]).
For every fACw let

Bnð f ; xÞ ¼
Xn

k¼0

pn;kðxÞf ðxkÞ ð3Þ

with

pn;kðxÞ ¼
1

2n

n

k

� �
1þ x

2ln

� �k

1� x

2ln

� �n�k

; xk ¼ xk;n ¼ 2ln

2k � n

n
ð4Þ

and finally our Bernstein-type operator is

B�
nð f ; xÞ ¼

Bnð f ; xÞ if jxjpln;

Bnð f ; lnÞ þ B0
nð f ; lnÞðx � lnÞ if xXln;

Bnð f ;�lnÞ þ B0
nð f ;�lnÞðx þ lnÞ if xp� ln:

8><
>: ð5Þ

Remark. Note that B�0
n AACloc and B�

n is a linear operator, which reproduces linear

functions c; i.e., B�
nðc; xÞ � cðxÞ: We could not consider only Bn because its weighted

norm is not bounded.

We have the following error estimate.

Theorem 1. If fACw; then

jjwðf � B�
nð f ÞÞjjpco2 f ;

lnffiffiffi
n

p
� �

w

: ð6Þ

We remark that (2) implies ln ¼ oð
ffiffiffi
n

p
Þ; i.e. estimate (6) yields convergence.

Next, we state an asymptotic relation of Voronovskaya-type for the operator B�
n:

Theorem 2. Assume fACw such that f 00ðxÞ exists at a fixed point x: Then

lim
n-N

n

l2n
½f ðxÞ � B�

nð f ; xÞ� ¼ �2f 00ðxÞ: ð7Þ
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Remark. Comparing this with the Voronovskaya relation for the classical Bernstein

operator on ½0; 1�; we see that the factor 1� x2 on the right-hand side in (7) is missing
here, as expected.

We also state a strong converse result.

Theorem 3. We have

jjw½ f � B�
nð f Þ�jj ¼ O

lnffiffiffi
n

p
� �a

3 o2ð f ; tÞwpcta; 0oao2:

The following result yields the trivial class of saturation.

Theorem 4. We have

jjw½ f � B�
nð f Þ�jj ¼ o

l2n
n

� �
3 f is linear:

Finally we settle the problem of saturation class.

Theorem 5. We have

jjw½ f � B�
nð f Þ�jj ¼ O

l2n
n

� �
3 o2ð f ; tÞwpct2:

3. Proof of Theorem 1

The proof of Theorem 1 is based on several lemmas. First we state a property of
Freud weights which is folklore, but for completeness we include a proof.

Lemma 1. For Freud weights wðxÞ ¼ e�QðxÞ we have

Q0ðaxÞpAQ0ðxÞ; aX1; xXx0; ð8Þ

where the constant A41 depends only on a:

Proof. Let first a ¼ a0 ¼ e
1

2ðgþ1Þ: Then by Q00ðxÞ40 for xXx0 and property (b) of
Freud weights we get

Q0ða0xÞ � Q0ðxÞ ¼
Z a0x

x

Q00ðtÞ dtpðgþ 1Þ
Z a0x

x

Q0ðtÞ
t

dt

p ðgþ 1ÞQ0ða0xÞlog a0 ¼
1

2
Q0ða0xÞ; xXx0;
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whence

Q0ða0xÞp2Q0ðxÞ; xXx0 ð9Þ
which proves the lemma for a ¼ a0:

Now let aX1 be arbitrary, ak�1
0 paoak

0 ; say. Then using (9) repeatedly we obtain

Q0ðaxÞpQ0ðak
0xÞp2Q0ðak�1

0 xÞp22Q0ðak�2
0 xÞ

p?p2kQ0ðxÞp22ðgþ1Þlog aþ1Q0ðxÞ; xXx0: &

The boundedness of the weighted norm of our operator will be proved separately
for the interval

In :¼ ½�ln; ln�
and for its complement. In fact, the weighted boundedness of Bn will be proved for
the larger interval

Jn :¼ �3

2
ln;

3

2
ln


 �

for later purposes.

Lemma 2. Let fACw: Then

jjwBnð f ÞjjJn
pcjjwf jj: ð10Þ

Proof. Let xAJn and assume n even (in the case n odd we need only a technical
modification). Then

wðxÞBnð f ; xÞ ¼
Xn=2

j¼�n=2

pn;n=2þjðxÞf ðyjÞwðyjÞeQðyjÞ�QðxÞ

with

yj ¼ 4jln=n; j ¼ 0;71;y;7n=2:

Let 0pxp
3

2
ln: (The case x negative is similar.) Then

wðxÞjBnð f ; xÞjpjjwf jj
Xn=2

j¼�n=2

pn;n=2þjðxÞeQðyjÞ�QðxÞ :¼ Ajjwf jj:

We prove that A is bounded. Let us consider the partition

A ¼
X
jyj jpx

þ
X
jyj j4x

8<
:

9=
;pn;n=2þjðxÞeQðyjÞ�QðxÞ :¼ S1 þ S2: ð11Þ

Since S1p1; it is sufficient to estimate S2: Here we may assume that 0pjpn=2; since
pn=2�jðxÞppn=2þjðxÞ for these values of j (because of the assumption 0pxp3ln=2 and
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the evenness of Q). When j ¼ n=2; by Q0ð2lnÞpcQ0ðlnÞ ¼ c
ffiffiffi
n

p
=ln (this follows from

Lemma 1), it is easy to see that

2ln þ x

4ln

� �n

eQð2lnÞ�QðxÞp
2ln þ x

4ln

� �n

eQ0ð2lnÞð2ln�xÞ

p 1� 2ln � x

4ln

� �n

ec
ffiffi
n

p
ð2ln�xÞ=ln ; 0pxp3ln=2:

In the given interval considered the latter function is monotone increasing and thus

attains its maximum ð7
8
Þn

ec
ffiffi
n

p
=2 ¼ oð1Þ at x ¼ 3

2
ln:

Now let 0pjon=2: By Stirling formula we deduce

pn;n=2þjðxÞp
c

2n

ðn=eÞn ffiffiffi
n

p
ð1þ x

2ln
Þn=2þjð1� x

2ln
Þn=2�j

ðn=2þj
e

Þn=2þj
ffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

4
� j2

q
ðn=2�j

e
Þn=2�j

¼ 2clnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nð4l2n � y2

j Þ
q 2ln þ x

2ln þ yj

� � n
4ln

ð2lnþyjÞ 2ln � x

2ln � yj

� � n
4ln

ð2ln�yjÞ

¼ 2clnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nð4l2n � y2

j Þ
q exp

n

4ln

ð2ln þ yjÞ log 1� yj � x

2ln þ yj

� �
�

þð2ln � yjÞ log 1þ yj � x

2ln � yj

� ���
; 0pxp3ln=2: ð12Þ

Here we distinguish two cases.

Case 1: xpyjpln þ x=2ðp7
4
lnÞ: Then using the inequality

logð1þ uÞpu � u2

2
þ u3

3
; u4� 1 ð13Þ

to estimate the log terms in (12) we obtain

pn;n=2þjðxÞp
cffiffiffi
n

p exp
n

2
�ðyj � xÞ2

4l2n � y2
j

þ 8yjðyj � xÞ3

3ð4l2n � y2
j Þ

2

" #( )

p
cffiffiffi
n

p exp
n

2
�ðyj � xÞ2

4l2n � y2
j

þ
8 2lnþx

2
2ln�x

2
ðyj � xÞ2

3½4l2n � ð2lnþx
2

Þ2�ð4l2n � y2
j Þ

" #( )

p
cffiffiffi
n

p exp �cnðyj � xÞ2

l2n
1� 8ð2ln þ xÞ

3ð6ln þ xÞ


 �( )

p
cffiffiffi
n

p exp �cnðyj � xÞ2ð2ln � xÞ
l2nð6ln þ xÞ

( )

p
cffiffiffi
n

p exp �cnðyj � xÞ2

l2n

( )
; 0pxp3ln=2:
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On the other hand

QðyjÞ � QðxÞp ðyj � xÞQ0ðyjÞpðyj � xÞQ0ð2lnÞ

p c

ffiffiffi
n

p
ðyj � xÞ
ln

; 0pxp3ln=2 ð14Þ

and thus X
xpyjplnþx=2

pn;n=2þjðxÞeQðyjÞ�QðxÞ

p
cffiffiffi
n

p
Xn=2
j¼0

exp �c1nðyj � xÞ2

l2n
þ c2

ffiffiffi
n

p
ðyj � xÞ
ln

( )

p
cffiffiffi
n

p
XN
j¼0

e
�c1

j2

n
þc2

jffiffi
n

p
p

cffiffiffi
n

p
X

jp2c2
c1

ffiffi
n

p
e2c2

2
=c1 þ

X
jX

2c2
c1

ffiffi
n

p
e
�c2jffiffi

n
p

0
BB@

1
CCApc:

Case 2: ln þ x=2oyjpð1� 2
n
Þ2ln: Then estimating only the first logarithm in (12)

by logð1þ uÞou; we get

pn;n=2þjðxÞpc exp
n

4ln

�ðyj � xÞ þ ð2ln � yjÞ log
2ln � x

2ln � yj


 �� �
;

0pxp3ln=2:

Here the function jðuÞ :¼ �u þ ð2ln � uÞ log 2ln�x
2ln�u

is monotone decreasing in the

interval ½x; 2ln�; whence putting yj ¼ ln þ x=2 we get

pn;n=2þjðxÞp c exp
n

4ln

½�ðln � x=2Þ þ ðln � x=2Þ log 2�
� �

p c exp �cnð2ln � xÞ
ln


 �
pe�cn; 0pxp3ln=2:

On the other hand, (14) yields QðyjÞ � QðxÞpc
ffiffiffi
n

p
; and thus

X
lnþx=2oyjpð1�2

n
Þ2ln

pn;n=2þjðxÞeQðyjÞ�QðxÞpec
ffiffi
n

p Xn

j¼1

e�cn ¼ oð1Þ: &

Lemma 3. We have

jjwB00
nð f ÞjjJn

pc
n

l2n
jjwf jj if fACw ð15Þ
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and

jjwB00
nð f ÞjjJn

pcjjwf 00jj if f 00ACw: ð16Þ

Proof. By linear transformations (see [3]) we obtain

B00
nð f ; xÞ ¼ n2

ð4l2n � x2Þ2
Xn

k¼0

pn;kðxÞðxk � xÞ2 f ðxkÞ

þ 2nx

ð4l2n � x2Þ2
Xn

k¼0

pn;kðxÞðxk � xÞf ðxkÞ �
n

ð4l2n � x2Þ
Bnð f ; xÞ:

Therefore by Lemma 2 (used for the last term)

wðxÞjB00
nð f ; xÞjp cjjwf jj n2

l4n

Xn

k¼0

pn;kðxÞðxk � xÞ2eQðxkÞ�QðxÞ

(

þ n

l3n

Xn

k¼0

pn;kðxÞjxk � xjeQðxkÞ�QðxÞ þ n

l2n

)
; xAJn:

Then by Cauchy–Schwarz inequality it follows that

wðxÞjB00
nð f ; xÞj

p cjjwf jj n2

l4n

Xn

k¼0

pn;kðxÞðxk � xÞ4
Xn

k¼0

pn;kðxÞe2Qðxk;nÞ�2QðxÞ

" #1=28<
:

þ n

l3n

Xn

k¼0

pn;kðxÞðxk � xÞ2
Xn

k¼0

pn;kðxÞe2QðxkÞ�2QðxÞ

" #1=2
þ n

l2n

9=
;; xAJn:

By a linear transformation, it follows from well-known inequalities that

Xn

k¼0

pn;kðxÞðxk � xÞ2ipc
l2n
n

� �i

; xAJn; i ¼ 0; 1; 2;y ð17Þ

(cf. [7, inequality (6) on p. 15]). Hence Lemma 2 used with w2 in place of w;

jjwðxÞB00
nð f ; xÞjjJn

pcjjwf jj n2

l4n

l2n
n
þ n

l3n

lnffiffiffi
n

p þ n

l2n

 !
pc

n

l2n
jjwf jj:

Now we prove (16). (In this part of the proof we have to use the more precise
notation xk;n instead of xk; see (4).) By [7, 1.4 (2)], we get for f 00ACw

wðxÞjB00
nð f ; xÞjp c

n2

l2n

Xn�2

k¼0

jD2
4ln=n f ðxkþ1;nÞjpn�2;kðxÞwðxÞ

p c
Xn�2

k¼0

j f 00ðxkÞjwðxkÞpn�2;kðxÞeQðxkÞ�QðxÞ;
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where xkAðxk;n; xkþ2;nÞ: Here, if jxkjpjxk;n�2j then QðxkÞpQðxk;n�2Þ: Otherwise,

using that ln=n is a monotone decreasing sequence (see (2)) we get

jxk;n�2jojxkjpmaxjxkþ171;nj ¼
2ln

n
maxj2ðk71Þ � ðn � 2Þj

p 2ln�2

n � 2
maxj2ðk71Þ � ðn � 2Þj ¼ maxjxk71;n�2jpjxk;n�2j þ

2ln�2

n � 2
;

whence

QðxkÞpQðxk;n�2Þ þ Q0ð3ln�2Þ
2ln�2

n � 2
pQðxk;n�2Þ þ

cffiffiffi
n

p :

Thus using the boundedness of (11) with n � 2 instead of n

wðxÞjB00
nð f ; xÞjpcjjwf 00jj

Xn�2

k¼0

pn�2;kðxÞeQðxk;n�2Þ�QðxÞpcjjwf 00jj

for xAJn�2: Now this is easily extended to xAJn; since the 3
2
in the definition of Jn can

be replaced by any 1omo2: &

We now complete the proof of boundedness of the operator on the whole real line.

Lemma 4. We have

jjwB�
nð f Þjjpcjjwf jj

for all fACw:

Proof. Because of Lemma 2 we may assume e.g. xXln: We get by (5)

wðxÞjB�
nð f ; xÞj ¼wðxÞjBnð f ; lnÞ þ B0

nð f ; lnÞðx � lnÞj

p cjjwf jj þ ðx � lnÞeQðlnÞ�QðxÞwðlnÞjB0
nð f ; lnÞj

p cjjwf jj þ ðx � lnÞeðln�xÞQ0ðlnÞwðlnÞjB0
nð f ; lnÞj

p cjjwf jj þ ðx � lnÞeðln�xÞ
ffiffi
n

p
=ln wðlnÞjB0

nð f ; lnÞj

p cjjwf jj þ lnffiffiffi
n

p wðlnÞjB0
nð f ; lnÞj: ð18Þ

Here we use the inequality (2.2.14) from [4], as well as (10) and (15):

wðlnÞjB0
nð f ; lnÞjp c

ffiffiffi
n

p

ln

wðxnÞjBnð f ; xnÞj þ
lnffiffiffi

n
p wðZnÞjB00

nð f ; ZnÞj

 �

p c

ffiffiffi
n

p

ln

jjwf jj ð19Þ
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with suitable xn; ZnA½ln � lnffiffi
n

p ; ln� (namely, on this interval evidently

wðxnÞBwðZnÞBwðlnÞ). Substituting these estimates into (18) we get

wðxÞjB�
nð f ; xÞjpcjjwf jj 1þ lnffiffiffi

n
p

ffiffiffi
n

p

ln

� �
pcjjwf jj: &

Proof of Theorem 1. By Lemma 4

jjwð f � B�
nð f ÞÞp jjwð f � gÞjj þ jjwðg � B�

nðgÞjj

þ jjwB�
nð f � gÞjjpcjjwð f � gÞjj þ jjwðg � B�

nðgÞÞjj; ð20Þ

where g00ACw will be chosen later.
Let first xAJn: Since

gðxÞ � gðxkÞ ¼ �g0ðxÞðx � xkÞ �
g00ðxkÞ

2
ðx � xkÞ2; xkAðx; xkÞ;

and Bn reproduces linear functions, we can write

gðxÞ � Bnðg; xÞ ¼ �
Xn

k¼0

pn;kðxÞg00ðxkÞðx � xkÞ2:

Therefore

wðxÞjgðxÞ � Bnðg; xÞjp jjwg00jj
Xn

k¼0

pn;kðxÞðx � xkÞ2eQðxkÞ�QðxÞ

p c
l2n
n
jjwg00jj; xAJn: ð21Þ

The last inequality can be seen similarly as in the proof of Lemma 3.
Let now, e.g. xXln: Let cðxÞ be that linear function which realizes the first

infimum in (1) with respect to g and for t ¼ ln=
ffiffiffi
n

p
(which implies t� ¼ ln by (2)).

Then by (5) and(21) applied to g � c in place of g for x ¼ lnAJn we get

wðxÞjgðxÞ � B�
nðg; xÞj

¼ wðxÞ gðxÞ �
X1
i¼0

B
ðiÞ
n ðg; lnÞ

i!
ðx � lnÞi

�����
�����

pwðxÞjgðxÞ � cðxÞj þ wðxÞ
X1
i¼0

jBðiÞ
n ðg � c; lnÞj

i!
ðx � lnÞi

pc o2 g;
lnffiffiffi

n
p

� �
w

þc
l2n
n
jjwg00jj þ lnffiffiffi

n
p wðlnÞjB0

nðg � c; lnÞj

 �

; xXln: ð22Þ

For the K-functional

K2ð f ; t2Þw :¼ inf
g0AACloc

½jjw½ f � g�jj þ t2jjwg00jj� ð23Þ
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we have the following equivalence relation:

K2ð f ; t2ÞwBo2ð f ; tÞw ð24Þ

(cf. Theorem 11.2.3 in [4, p. 182]). Hence if f 0AACloc; then o2ð f ; tÞwpct2jjwf 00jj:
Using this with g instead of f we get from (22)

wðxÞjgðxÞ � B�
nðg; xÞjp lnffiffiffi

n
p wðlnÞjB0

nðg � c; lnÞj þ c
l2n
n
jjwg00jj; xXln: ð25Þ

Using the analogue of (19) with g � c in place of f we get

wðlnÞjB0
nðg � c; lnÞjpc

ffiffiffi
n

p

ln

wðxnÞjBnðg � c; xnÞj þ
lnffiffiffi

n
p wðZnÞjB00

nðg � c; ZnÞj

 �

ð26Þ

with suitable xn; ZnA½ln; ln þ lnffiffi
n

p �CJn: Here, by (21)

wðxnÞjBnðg � c; xnÞjp c
l2n
n
jjwg00jj þ wðxnÞjgðxnÞ � cðxnÞj

p c
l2n
n
jjwg00jj þ o2 g;

lnffiffiffi
n

p
� �

w

pc
l2n
n
jjwg00jj

and by (16)

wðZnÞjB00
nðg � c; ZnÞjpcjjwg00jj:

Substituting these estimates into (26),

wðlnÞjB0
nðg � c; lnÞjpc

lnffiffiffi
n

p jjwg00jj:

This together with (21) yields from (25)

jjwðg � B�
nðgÞjjpc

l2n
n
jjwg00jj:

Thus (20) gives

jjwð f � B�
nð f ÞÞjjpc jjwð f � gÞjj þ l2n

n
jjwg00jj


 �
:

One can see from the proof of the inequality K2ð f ; t2Þpco2ð f ; tÞw on pp. 191–192 of

[4] (which is part of the equivalence relation (24)) that the function g in (23) can be
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chosen such that g00ACw (and not just g0AACloc). With this choice we obtain

jjwð f � B%
n ð f ÞÞjjpcK2 f ;

l2n
n

� �
w

pco2 f ;
lnffiffiffi

n
p

� �
w

: & ð27Þ

4. Proof of Theorem 2

Let xX0 be fixed and define

ZxðxÞ :¼ 2
f ðxÞ � f ðxÞ þ f 0ðxÞðx � xÞ

ðx � xÞ2
� f 00ðxÞ: ð28Þ

Using this function Zx; for sufficiently large n we can write

f ðxÞ � B�
nð f ; xÞ

¼ f ðxÞ � Bnð f ; xÞ ¼
Xn

k¼0

pn;kðxÞ½ f ðxÞ � f ðxkÞ�

¼ � f 00ðxÞ
2

Xn

k¼0

pn;kðxÞðx � xkÞ2 �
1

2

Xn

k¼0

pn;kðxÞðx � xkÞ2ZxðxkÞ; ð29Þ

since Bn reproduces linear functions. Here

Xn

k¼0

pn;kðxÞðx � xkÞ2jZxðxkÞjp
X

jxk�xjpd

þ
X

jxk�xj4d

8<
:

9=
;pn;kðxÞðx � xkÞ2jZxðxkÞj

:¼A1 þ A2: ð30Þ

Evidently limx-x ZxðxÞ ¼ 0; i.e. for any e40 there exists a d40 such that

jZxðxÞjoe if jx � xjod: ð31Þ

Next,

Xn

k¼0

pn;kðxÞðx � xkÞ2 :¼
4l2n � x2

n
ð32Þ

(this comes from a linear transformation of a well-known formula, cf. [7, p. 14]).
From (31) and (32) we deduce

A1pe
X

k

pn;kðxÞðx � xkÞ2p
4l2n
n

e: ð33Þ

On the other hand

jZxðxkÞjp
c þ j f ðxkÞj þ cjxkj

d2
þ cp

c þ jjwf jjexp QðxkÞ þ cln

d2
p

c
ffiffiffi
n

p

d2
eQðxkÞ

p
cðxÞ

ffiffiffi
n

p

d2
ejx�xk jQ0ð2lnÞp

cðxÞ
ffiffiffi
n

p

d2
ejx�xk j

ffiffi
n

p
=ln
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for jx � xkj4d and for sufficiently large n’s, where cðxÞ depends only on x: Now it
follows from the proof of Lemma 2 that

n

l2n
A2p

cðxÞn
l2nd

2

X
jx�xk j4d

exp �c1n

l2n
ðx � xkÞ2 þ

c2
ffiffiffi
n

p

ln

jx � xkj
( )

p
cðxÞn2

d2
exp �c1n

l2n
d2 þ c2

ffiffiffi
n

p

ln

d

( )
p

cðxÞn2

d2
exp �c3n

l2n
d2

( )

for sufficiently large ns. Condition (b) in the definition of the Freud weights implies

that Q0ðxÞXcxg�e for large x and for any e40; whence by (2) lnpcn
1

2ð1þg�eÞ: Thus we
obtain

n

l2n
A2p

cðxÞn2

d2
exp �c1n

g�e
1þg�e

d2

8<
:

9=
;-0 as n-N: ð34Þ

Thus by (30)–(34)

n

l2n
½ f ðxÞ � B�

nð f ; xÞ� þ 2f 00ðxÞ
�����

�����pceþ n

l2n
A2 þ

x2j f 00ðxÞj
2l2n

:

Hence the theorem follows. &

5. Proof of Theorem 3

If o2ð f ; tÞwpcta; 0oao2; then by Theorem 1 we have

jjwð f � B�
nð f ÞÞjjpC

lnffiffiffi
n

p
� �a

: ð35Þ

Now we prove the converse implication. Assuming (35), by Lemma 3 we obtain

CðnÞ :¼K2ð f ; n�2Þwpcfjjw½ f � B�
nð f Þ�jj þ n�2jjwB�00

n ð f Þjjg

p c
lnffiffiffi

n
p
� �a

þ 1

n2
½jjwB�00

n ð f � gÞjj þ jjwB�00
n ðgÞjj�

� �

p c
lnffiffiffi

n
p
� �a

þ 1

nl2n
jjwð f � gÞjj þ l2n

n
jjwg00jj


 �( )
:
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Thus with a proper choice of g0AACloc;

CðnÞp c
lnffiffiffi

n
p
� �a

þ 1

nl2n
K2 f ;

l2n
n

� �
w

( )

p c
lnffiffiffi

n
p
� �a

þ 1

nl2n
K2 f ;

1

½
ffiffiffi
n

p
=ln�2

 !
w

( )

p c ½
ffiffiffi
n

p
=ln��a þ ½

ffiffiffi
n

p
=ln�
n

� �2

Cð½
ffiffiffi
n

p
=ln�Þ

( )
:

Hence by the Berens–Lorentz lemma [4, Lemma 9.3.4, p. 122]2 we get

o2ð f ; n�1ÞwpcK2ð f ; n�2Þw ¼ CðnÞpcn�a:

This is equivalent to o2ð f ; tÞwpcta: &

6. Proof of Theorem 4

If f is a linear function, by Theorem 1 we get B�
nð f Þ � f : Now we prove the

converse implication.
Let ½a; b� be an arbitrary but fixed interval (since n is large enough, we can always

assume ½a; b�D½�ln; ln�). Then following [3, 5.3, p. 124] we introduce the function

FðxÞ ¼ f ðxÞ � f ðbÞ � f ðaÞ
b � a

ðx � aÞ � f ðaÞ:

Note that FðaÞ ¼ FðbÞ ¼ 0:
We want to prove that F � 0 on ½a; b�; i.e., f is a linear function. To this aim

suppose that there exists a xAða; bÞ; such that FðxÞ40: We will show that this leads
to a contradiction, that is F must be identically 0.

We apply a slight modification of the parabola technique. By [3, Lemma 5.1, p.
124] there exists an ZAða; bÞ and

PðxÞ ¼ aðx � ZÞ2 þ bðx � ZÞ þ FðZÞ;

such that ao0 and PðxÞXFðxÞ; xA½a; b�: Note that PðZÞ ¼ FðZÞ: Let d ¼ minðZ�
a; b � ZÞ40: Then

BnðF ; ZÞ � BnðP; ZÞ ¼BnðF � P; ZÞ ¼
Xn

k¼0

½FðxkÞ � PðxkÞ�pn;kðZÞ

¼
X

jxk�Zjpd

þ
X

jxk�Zj4d

8<
:

9=
;½FðxkÞ � PðxkÞ�pn;kðZÞ

:¼S1 þ S2: ð36Þ
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Evidently S1p0; and thus

BnðF ; ZÞ � BnðP; ZÞp
X

jxk�Zj4d

½jFðxkÞj þ jPðxkÞj�pn;kðZÞ: ð37Þ

From the definition of F ; for jZ� xkj4d we get

jFðxkÞjpj f ðxkÞj þ cjxkj þ dpjjwf jjeQðxkÞ þ clnpecjZ�xk j
ffiffi
n

p
=ln : ð38Þ

Moreover from the definition of P

jPðxkÞjpcx2
kocl2noecjZ�xk j

ffiffi
n

p
=ln : ð39Þ

Hence and by (37)–(39)

BnðF ; ZÞ � BnðP; ZÞp
X

jxk�Zj4d

pn;kðZÞecjZ�xk j
ffiffi
n

p
=ln

and following the proof of Lemma 2 we get

BnðF ; ZÞ � BnðP; ZÞpn exp c1d
ffiffiffi
n

p

ln

� c2
n

l2n
d2

 !
pexp �c3d

2 n

l2n

 !
:

Therefore

BnðF ; ZÞpBnðP; ZÞ þ exp �c3d
2 n

l2n

 !

¼ aBnððx � ZÞ2; ZÞ þ FðZÞ þ exp �c3d
2 n

l2n

 !
: ð40Þ

Consequently from the definition of f ; for n sufficiently large

B�
nð f ; ZÞ � f ðZÞ ¼Bnð f ; ZÞ � f ðZÞ ¼ BnðF ; ZÞ � FðZÞ

p aBnððx � ZÞ2; ZÞ þ exp �c3d
2 n

l2n

 !

¼ a
4l2n
n

� a
Z2

n
þ exp �c3d

2 n

l2n

 !
o� A

l2n
n
; A40;

a contradiction because we assumed

jjwð f � B�
nð f ÞÞjj ¼ o

l2n
n

� �
:

Similar reasoning leads to a contradiction if FðxÞo0: &

7. Proof of Theorem 5

If o2ð f ; tÞwpct2; then by Theorem 1 we get jjw½ f � B�
nð f Þ�jjpcl2n=n:

Now we prove the converse implication. Let 0ptp1 be an arbitrary number.
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We prove that

max
0phpt

wðxÞjD2
h f ðxÞjp2cet2; jx7hjph�; ð41Þ

where c is the same constant as in the statement of Theorem 5. This will show that
the ‘‘main part modulus’’ in (1) satisfies the requirement.

Suppose that (41) does not hold. We will show that this leads to a contradiction.
Indeed, then there exists an x0X0 and t0; h0 such that

wðx0ÞD2
h0

f ðx0Þo� 2cet20; jx07h0jph�
0; 0oh0pt0;

say. Consider

PðxÞ ¼ � ce

wðx0Þ
ðx � x0Þ2 þ cðxÞ þ d;

where c is the linear function interpolating f at x07h0; and d is chosen large enough
such that PðxÞXf ðxÞ on ½x0 � h0; x0 þ h0�: Then (see [2, pp. 138–139])

m :¼ inffPðxÞ � f ðxÞ : x0 � h0pxpx0 þ h0g
is attained at a point yAðx0 � h0; x0 þ h0Þ: Let P�ðxÞ ¼ PðxÞ � m; then

P�ðxÞXf ðxÞ; xA½x0 � h0; x0 þ h0� and P�ðyÞ ¼ f ðyÞ:
Let

a0 ¼ maxfx : xpx0 � h0; P�ðxÞ ¼ f ðxÞg;

b0 ¼ minfx : xXx0 þ h0; P�ðxÞ ¼ f ðxÞg:
Then a0oyob0 and P�ðxÞXf ðxÞ on ½a0; b0�:

Let

FðxÞ ¼
0; xA½a0; b0�
f ðxÞ � P�ðxÞ; xe½a0; b0�;

�

so that f ðxÞpP�ðxÞ þ FðxÞ; 8xAR: Following the proof of Theorem 4 we have

jBnðF ; yÞjpexp �c1
n

l2n

 !
:

Thus

Bnð f ; yÞ � f ðyÞpBnðP� þ F ; yÞ � P�ðyÞ ¼ BnðP�; yÞ � P�ðyÞ þ BnðF ; yÞ

p � ce

wðx0Þ
Bnððx � yÞ2; yÞ þ exp �c1

n

l2n

 !

¼ � ceð4l2n � yÞ
wðx0Þn

þ exp �c1
n

l2n

 !
p� 3cel2n

noðx0Þ

for sufficiently large n: On the other hand

Bnð f ; yÞ � f ðyÞX� c
l2n

nwðyÞ;
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whence

3ep
wðx0Þ
wðyÞ ¼ eQðyÞ�Qðx0Þpejy�x0jQ0ðx0þh0Þpeh0Q0ðh�

0
Þ ¼ e

which is a contradiction.

Next we show that the ‘‘tail parts’’ in (1) are also pct2: For a fixed t40 define n by
lnpt�olnþ1: Then

t ¼ 1

Q0ðt�ÞX
1

Q0ðlnþ1Þ
¼ lnþ1ffiffiffiffiffiffiffiffiffiffiffi

n þ 1
p Xc

lnffiffiffi
n

p :

Since for xXln; B�
nð f ; xÞ is a linear function, we obtain

inf
cAP1

jjwð f � cÞjj½t�;NÞpjjwð f � B�
nð f ÞÞjj½t�;NÞ

pjjwð f � B�
nð f ÞÞjj½ln;NÞpc

l2n
n
pct2:

(The case xp� ln is analogous.) This shows that the ‘‘tail-part’’ of o2 satisfies the
stated estimate. &
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de M. S. Bernstein, Compositio. Math. 4 (1937) 380–393.

[2] B. Della Vecchia, G. Mastroianni, J. Szabados, Weighted approximation of functions with endpoint or

inner singularities by Bernstein operators, Acta Math. Hungar 103 (2004) 19–41.

[3] R.A. De Vore, The Approximation of Continuous Functions by Positive Linear Operators, Lecture

Notes in Mathematics, Vol. 293, Springer, Berlin, 1972.

[4] Z. Ditzian, V. Totik, Moduli of Smoothness, Springer Series in Computational Mathematics, Vol. 9,

Springer, New York, 1987.

[5] S. Guo, H. Tong, G. Zhang, Pointwise weighted approximation by Bernstein operators, Acta Math.

Hungar. 101 (2003) 293–311.

[6] A.L. Levin, D.S. Lubinsky, Christoffel functions, orthogonal polynomials and Nevai’s conjecture for

Freud weights, Constr. Approx. 8 (1992) 463–535.

[7] G.G. Lorentz, Bernstein polynomials, Mathematical Expositions, Vol. 8, University of Toronto Press,

Toronto, 1953.

[8] J. Szabados, Weighted Lagrange and Hermite Fejér interpolation on the real line, J. Inequalities Appl.

1 (1997) 99–123.
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